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Abstract—Rigid-body orientation in three-dimensional space
is essential for robotics, computer graphics, and aerospace
applications. Traditional Euler angles suffer from gimbal lock,
while rotation matrices are computationally redundant and
numerically unstable. This paper presents a comprehensive
mathematical study of unit quaternions as an alternative
representation. The theoretical foundations of quaternion
algebra are developed, establishing the correspondence with
SO(3) through axis-angle representation and the sandwich
product. To validate these theoretical properties, computational
experiments are conducted using Python implementations for
unit quaternions representation, with rotation matrices included
as a reference representation to support empirical validation,
examining numerical stability and computational efficiency.

Keywords—Quaternion, Rigid-Body, Rotation Matrix, Rota-
tion, Special Orthogonal

I. INTRODUCTION

The orientation of objects in three-dimensional space is a
fundamental topic in linear algebra and geometry, with im-
portant applications in computer graphics, robotics, aerospace
engineering, and computer vision. Accurately modeling the
orientation of a rigid body is essential for describing rota-
tional behavior while preserving geometric properties such as
distances and angles. A mathematically consistent framework
is therefore required to ensure that rotations remain rigid and
well-defined in three-dimensional space.

Traditional approaches to modeling orientation often rely on
Euler angles, which describe rotation as a sequence of axis-
aligned rotations. Although intuitive, Euler angles suffer from
inherent limitations, most notably gimbal lock, a singularity
that results in the loss of one rotational degree of freedom. This
limitation can cause ambiguity and instability when describ-
ing rigid-body orientation, particularly in scenarios involving
continuous or compounded rotations.

Unit quaternions offer a mathematically robust approach for
describing three-dimensional orientation. By extending com-
plex numbers into four dimensions and enforcing a unit-norm
constraint, unit quaternions represent rotations as normalized
algebraic entities. This formulation avoids singularities, pre-
serves orthogonality, and allows rotations to be composed ef-
ficiently through quaternion multiplication. Consequently, unit
quaternions have become a widely adopted tool for modeling
rigid-body orientation in both theoretical and computational
contexts.

This paper focuses on rigid-body orientation using unit
quaternions from linear algebra and geometric perspective.

The discussion is restricted to rotational motion in three-
dimensional Euclidean space, without considering translational
motion or dynamic control. By examining the mathematical
foundations of unit quaternions and their role in describing
rigid-body orientation, this paper aims to provide a clear and
accessible understanding of their effectiveness in modeling
three-dimensional rotations.

II. THEORETICAL FRAMEWORK

A. Rigid-Body Rotational Motion in R3

A rigid motion of an object is a motion which preserves
distance between points [1]. Consequently, any admissible
motion of a rigid body must preserve both distances and angles
between points. Transformations with this property are known
as rigid-body transformations. When translational motion is
excluded, such transformations reduce to pure rotations.

Fig. 1: Rotation of a rigid object about a point. The dotted
coordinate frame is attached to the rotating rigid body.

source: Adapted from [1]

Rigid-body orientation describes the rotational configuration
of an object relative to a reference coordinate frame. Formally,
orientation can be defined as the relative alignment between
a body-fixed coordinate frame and an inertial frame. This
alignment determines how the rigid body is rotated in space,
independently of its position. Let A be the inertial frame, B
the body frame, and xab,yab, zab ∈ R3 the coordinates of the
principal axes of B relative to A (see Fig. 1). Stacking these
coordinate vectors next to each other, we define a 3×3 matrix:

Rab = [xab yab zab]
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We call a matrix constructed in this manner a rotation matrix:
every rotation of the object relative to the ground corresponds
to a matrix of this form [1].

A rotation matrix has two key properties that follow from
its construction. Let R ∈ R3×3 be a rotation matrix and
r1, r2, r3 ∈ R3 be its columns. Since the columns of R are
mutually orthonormal, the two properties are

RRT = RTR = I

and
det(R) = +1

The set of all 3 × 3 matrices which satisfy these two
properties is denoted SO(3). The notation SO abbreviates
special orthogonal. Special refers to the fact that det(R) = +1
rather than ±1 [1]. We define the space of rotation matrices
in R3×3 by

SO(3) = {R ∈ R3×3 : RRT = RTR = I,det(R) = +1}

Rotation matrices also define linear transformations between
coordinate frames [1]. Let qb denote the coordinates of a point
in body frame B. Then its coordinates in inertial frame A
are given by qa = Rabqb. Multiple rotations compose via
matrix multiplication: Rac = RabRbc [1], reflecting the group
structure of SO(3).

A fundamental result in rotation theory, known as Euler’s
theorem, states that any rotation in R3 can be represented as
a rotation about a fixed axis by a certain angle [1]. While
rotation matrices provide a complete description of orientation,
they require nine parameters to represent only three degrees
of freedom. Unit quaternions offer a more compact and
numerically stable encoding.

B. Quaternion Algebra

Quaternion extended the concept of complex numbers to
four dimensions, that is why we will review complex algebra,
from which quaternions are naturally generalized.

1) Complex Algebra: A complex number takes the form

z = a+ ib

where

a is the real part,
b is the imaginary part, and

i =
√
−1

for example

z = 5 + 6i,
z = 6− 13i,

etc

Either part may be zero, which implies that the set of real
numbers R is a subset of complex numbers C [2], [3].

The conjugate of a complex number z = a + ib is defined
as

z∗ = a− ib

Complex multiplication follows the rule i2 = −1. Given
two complex numbers z1 = a1 + ib1 and z2 = a2 + ib2, their
product is

z1z2 = (a1a2 − b1b2) + i(a1b2 + a2b1)

The magnitude (or modulus) of a complex number is given
by

|z| =
√
a2 + b2 =

√
zz∗

A unit complex number satisfies |z| = 1, which can be
expressed in polar form as z = cos θ + i sin θ = eiθ,
representing a rotation by angle θ in the two-dimensional
plane.

2) Introduction to Quaternion: Quaternions were intro-
duced by Sir William Rowan Hamilton as an extension of
complex numbers from the two-dimensional plane R2 to a
four-dimensional algebra over R [4], [2]. Knowing that a
complex number in R2 has the form

z = a+ ib

it is reasonable to presume that a complex number in R3

should take the form

z = a+ ib+ jc

where i and j are unit imaginaries: i2 = j2 = −1. However,
when two such objects are multiplied together we have

z1z2 = (a1 + ib1 + jc1)(a2 + ib2 + jc2)

which expands to

z1z2 = (a1a2 − b1b2 − c1c2)

+ i(a1b2 + b1a2) + j(a1c2 + c1a2) + ijb1c2 + jic1b2

leaving the terms ij and ji undefined [2], [5].
Hamilton then extended the triple to a 4-tuple:

z = a+ ib+ jc+ kd.

When two such objects are multiplied together, while substi-
tuting i2 = j2 = k2 = −1 and using the multiplication rules

ij = k jk = i ki = j ji = −k kj = −i ik = −j

we have

z1z2 = (a1 + ib1 + jc1 + kd1)(a2 + ib2 + jc2 + kd2)

simplifies to

z1z2 = a1a2 − (b1b2 + c1c2 + d1d2)

+ a1(ib2 + jc2 + kd2) + a2(ib1 + jc1 + kd1)

+ i(c1d2 − d1c2) + j(d1b2 − b1d2) + k(b1c2 − c1b2)

which shows that the product of two quaternions is again a
quaternion [4], [2].

A quaternion q = a+ ib+ jc+ kd can be written as

q = (a,v),
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where a ∈ R is called the scalar part and v = (b, c, d) ∈ R3

is called the vector part [2], [4]. The conjugate of q is defined
as

q∗ = a− ib− jc− kd,

and the norm of q is given by

∥q∥ =
√
a2 + b2 + c2 + d2 =

√
qq∗[4].

Quaternions with unit norm, ∥q∥ = 1, are called unit quater-
nions and form the basis for representing three-dimensional
rotations in subsequent sections [4], [2].

3) Quaternion Rotations and SO(3): A three-dimensional
vector v = (vx, vy, vz) can be represented as a pure quater-
nion

p = 0 + vxi+ vyj + vzk,

that is, a quaternion whose scalar part is zero. In this way, the
usual vectors in R3 can be viewed as a special subset of the
quaternions [4].

To describe rotations, unit quaternions are used, any unit
quaternion can be written in the form

q = cos
θ

2
+ sin

θ

2
(uxi+ uyj + uzk),

where θ is a rotation angle and u = (ux, uy, uz) is a unit
vector giving the axis of rotation [4]. This shows that a three-
dimensional rotation can be encoded by one axis and one
angle.

If a vector v is represented as the pure quaternion p, the
rotated vector v′ is obtained by the operation

v′ = qvq−1,

where q is a unit quaternion and q−1 is its inverse [4], [6]. The
imaginary part of p′ gives the new vector v′, and the length
of the vector is preserved, so this operation defines a genuine
rotation in R3.

This quaternion-based rotation can also be written using a
3× 3 rotation matrix. For every unit quaternion q, there is an
associated rotation matrix R(q) such that

v′ = R(q)v,

and this matrix is always orthogonal with determinant one,
hence it lies in SO(3) [4]. Unit quaternions therefore pro-
vide a compact and singularity-free way to represent three-
dimensional rotations, while composition of rotations corre-
sponds simply to quaternion multiplication.

III. METHODS

A. Scope and Limitations

The author decided to only consider rotational motion of
rigid bodies in three-dimensional Euclidean space R3. Trans-
lational motion, scaling, external disturbances, and dynamic
effects are not included. All rotations are specified using axis–
angle parameters, and all computations are carried out using
double-precision floating-point arithmetic.

The main objective is to evaluate unit quaternions as a
mathematical representation of rigid-body orientation. Rota-
tion matrices are included only as a reference baseline, in order
to quantify numerical stability and computational efficiency
behavior relative to unit quaternions.

B. Experimental Setup
All experiments are performed under a common setup to

ensure a fair comparison between unit quaternions and rotation
matrices.

• Computational Environment: All simulations are imple-
mented in Python 3 using standard numerical linear
algebra routines for vector and matrix operations.

• Rotation Definition: Each rotation is specified by an
axis–angle pair (u, θ), where u ∈ R3 is a unit vector
representing the rotation axis and θ is the rotation angle.

• Input: The same axis–angle data are used to construct
both rotation matrices and unit quaternions, ensuring that
both representations describe the same geometric rotation.

• Rotation Matrices: For each axis–angle pair, a rotation
matrix R ∈ SO(3) is constructed and applied to a vector
v using v′ = Rv. Composition of rotations is performed
through matrix multiplication.

• Unit Quaternions: From the same axis–angle data, a unit
quaternion

q =
(
cos

θ

2
, sin

θ

2
u
)

is constructed. Vectors are embedded as pure quaternions
and rotated using p′ = qpq−1 formula. Multiple rotations
are composed by quaternion multiplication, with optional
normalization to maintain unit length.

Based on this setup, two experiments are conducted to
examine numerical stability and computational efficiency.

C. Numerical Stability Under Repeated Rotations
This experiment examines how numerical errors accumulate

when the same rotation is applied repeatedly. A single rotation
is defined using an axis–angle pair and represented both as a
rotation matrix and as a unit quaternion. An initial vector in
R3 is then rotated many times using each representation.

For the quaternion-based method, the vector is updated
using repeated applications of v′ = qvq−1 formula. For
the matrix-based method, the same rotation is applied using
repeated matrix vector multiplication, with an accumulated
rotation matrix updated through matrix multiplication.

After a large number of iterations, the deviation of the final
vector from its expected direction is measured. In addition, for
rotation matrices, the loss of orthogonality can be evaluated
by measuring how far the accumulated matrix deviates from
SO(3). These measurements provide a direct comparison of
numerical stability between the two representations.

D. Computational Cost of Rotation Composition
This experiment compares the computational effort required

to compose multiple rotations into a single rotation. A se-
quence of rotations is specified using axis–angle data and
converted into both unit quaternions and rotation matrices.
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For unit quaternions, composition is performed by suc-
cessive quaternion multiplications starting from the identity
quaternion. For rotation matrices, composition is performed
by successive multiplication of 3 × 3 matrices starting from
the identity matrix.

The execution time required to compute the final composed
rotation is recorded for both methods using the same number
of rotations. This comparison highlights the difference in com-
putational cost arising between unit quaternions and rotation
matrix representation.

IV. IMPLEMENTATION

A. Quaternion Class Declaration

Fig. 2: Quaternion Class Declaration
source: Author’s archive

The code shown in Fig. 2 implements a Quaternion class
used to represent rigid-body orientation in R3. The class stores
the scalar and vector components of a quaternion and provides
essential operations such as quaternion multiplication, conju-
gation, normalization, vector rotation, etc.

B. Rotation Matrix Declaration

Fig. 3: Rotation Matrix Builder Function
source: Author’s archive

The code shown in Fig. 3 implements a function for
constructing a 3 × 3 rotation matrix from an axis–angle.
The resulting matrix belongs to the special orthogonal group
SO(3) and represents the same geometric rotation as the cor-
responding unit quaternion. This matrix-based implementation
is included as a baseline for comparison with the quaternion-
based approach.

C. Numerical Stability Test

Fig. 4: Numerical Stability Function
source: Author’s archive

The code shown in Fig. 4 implements the numerical stability
experiment described in the Methods section. A fixed axis–
angle rotation is applied repeatedly to an initial vector using
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both unit quaternions and rotation matrices. The experiment
evaluates the accumulation of numerical errors by comparing
the final rotated vectors with the expected theoretical result,
as well as by measuring the loss of orthogonality in the
accumulated rotation matrix.

D. Computation Efficiency Test

Fig. 5: Computation Efficiency Function
source: Author’s archive

The code shown in Fig. 5 implements the computational
efficiency experiment for rotation composition. A sequence of
rotations is composed using both quaternion multiplication and
matrix multiplication, and the execution time of each method
is recorded.
The full implementation code used in this section can be
reviewed in the appendix.

V. EXPERIMENT

A. Test Cases

The author has designed three test cases to evaluate the
behavior of unit quaternions under different rotational condi-
tions. Each test case specifies a rotation axis, a rotation angle,
and parameters controlling the number of repeated iteration or
rotation.

For each test case, identical axis–angle parameters are used
to construct both the unit quaternion representation and the
corresponding rotation matrix. This ensures that any observed
differences in numerical stability or computational efficiency
arise solely from the underlying mathematical representation.

Fig. 6: Test Cases
source: Author’s archive

B. Test Case 1
In this test case, a small rotation of 5◦ is applied repeatedly

for 50,000 iterations about a normalized axis (1, 2, 3). The
results show that both unit quaternions and rotation matrices
produce identical final vector orientations, matching the ex-
pected rotation outcome with numerical errors on the order of
10−12 (see Fig. 7). This indicates that both representations
exhibit strong numerical stability under repeated rotation.
Although the rotation matrix approach yields a slightly smaller
final error, the difference is not practically significant, and
the loss of orthogonality remains negligible. In terms of
computational performance, rotation composition using unit
quaternions is approximately 1.81× faster than using rotation
matrices, highlighting the efficiency advantage of unit quater-
nions for repeated rigid-body orientation updates.

Fig. 7: Test Case 1 Output
source: Author’s archive
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C. Test Case 2

In this test case, a larger rotation of 45◦ about the y-axis
is applied repeatedly for 10,000 iterations. The results show
that both unit quaternions and rotation matrices produce iden-
tical final vector orientations, matching the expected rotation
outcome with numerical errors on the order of 10−13 (see
Fig. 8). Unit quaternion approach exhibits a lower final error
than the rotation matrix method. The orthogonality deviation
of the accumulated rotation matrix remains negligible. In terms
of performance, unit quaternions again outperform rotation
matrices, achieving approximately a 1.8× speedup in rotation
composition.

Fig. 8: Test Case 2 Output
source: Author’s archive

D. Test Case 3

In this test case, a small rotation of 1◦ about an arbi-
trary axis (1, 1, 1) is applied repeatedly for 100,000 itera-
tions. Despite the large number of repeated rotations, both
unit quaternions and rotation matrices produce identical final
vector orientations, matching the expected rotation outcome
with numerical errors on the order of 10−12 (see Fig. 9).
This demonstrates that both representations maintain good
numerical stability even under heavy iterative composition.
However, the accumulated rotation matrix exhibits a larger loss
of orthogonality compared to previous test cases. In terms of
computational efficiency, unit quaternions remain consistently
faster, achieving approximately a 1.76× speedup over rotation
matrices.

Fig. 9: Test Case 3 Output
source: Author’s archive

VI. CONCLUSION

This paper has shown the representation of rigid-body ori-
entation in three-dimensional space using unit quaternions. An
implementation was developed to apply and compose rotations
using unit quaternions, with rotation matrices included solely
as a reference representation to support empirical validation.

The experimental results demonstrate that unit quaternions
provide a numerically stable representation of rigid-body ori-
entation under repeated rotation and composition. The ability
to maintain a valid orientation through simple normalization
further reinforces the suitability of unit quaternions for long
sequences of rotational operations. In addition, the experi-
ments show that quaternion-based rotation composition can
be performed more efficiently than matrix-based composition,
reflecting the reduced parameterization and simpler algebraic
structure of unit quaternions.

These findings confirm that unit quaternions give an effec-
tive and practical representation for rigid-body orientation in
R3. By combining numerical robustness, computational effi-
ciency, and conceptual clarity, unit quaternions are well suited
for applications that require reliable orientation handling, such
as computer graphics, robotics, and simulation, where stable
and efficient rotational representations are essential.

VII. APPENDIX

• Source Code : https://github.com/Valz0504/Makalah-
IF2123-rigid-body-orientation-using-unit-quaternions

• Video : https://youtu.be/EV2VQNi-KaA
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